Abstract. In this paper, we investigate Liu-Xu-Ye-Zhao's conjecture [31] and prove a sharp convergence theorem for the mean curvature flow of arbitrary codimension in spheres which improves the convergence theorem of Baker [3] as well as the differentiable sphere theorems of 51, 53] .
Introduction
It plays an important role in differential geometry to study pinching theory in global differential geometry and geometric analysis. Motivated by geometrical and topological pinching results on submanifolds, we will investigate the convergence theorem for the mean curvature flow and the differentiable sphere theorem for submanifolds under a sharp pinching condition. Let F n+q (c) be an (n + q)-dimensional simply connected space form of constant curvature c, and M n an n(≥ 2)-dimensional submanifold in F n+q (c). Denote by H and h the mean curvature vector and the second fundamental form of M , respectively. Assume that |H| 2 + 4(n − 1)c ≥ 0. We define (1.1) α(n, |H|, c) = nc + n 2(n − 1) |H| 2 − n − 2 2(n − 1) |H| 4 + 4(n − 1)c|H| 2 , and α 1 (n, |H|) = α(n, |H|, 1). Since 1973, Okumura [36, 37] , Yau [54] and many other authors tried to generalize the famous Simons-Lawson-Chern-do Carmo-Kobayashi rigidity theorem [14, 24, 46] to the case where M is a closed submanifold with parallel mean curvature in a sphere, and got partial results. In [49] , Xu proved the generalized Simons-LawsonChern-do Carmo-Kobayashi theorem for closed submanifolds with parallel mean curvature in a sphere. The following refined version of the generalized SimonsLawson-Chern-do Carmo-Kobayashi theorem was obtained by Li-Li [28] for H = 0 and by Xu [50] for H = 0.
Theorem A. Let M be an n-dimensional oriented compact submanifold with parallel mean curvature in the unit sphere S n+q . If |h| 2 ≤ C(n, q, |H|), then M is either congruent to a round sphere, a Clifford hypersurface in an (n + 1)-sphere, or the Veronese surface in a 4-sphere. Here C(n, q, |H|) is defined by C(n, q, |H|) = α 1 (n, |H|), q = 1, or q = 2 and |H| = 0, min α 1 (n, |H|), In [25] , Lawson and Simons proved that if M n (n ≥ 5) is an oriented compact submanifold in S n+q satisfying |h| 2 < 2 √ n − 1, then M is homeomorphic to S n . More generally, Shiohama and Xu [44] proved the optimal topological sphere theorem.
Theorem B. Let M n (n ≥ 4) be an oriented complete submanifold in F n+q (c) with c ≥ 0. If sup M (|h| 2 − α(n, |H|, c)) < 0, then M is homeomorphic to S n .
In [53] , the second author and Zhao initiated the study of differentiable pinching problem on submanifolds of arbitrary codimension. Making use of the convergence results of Hamilton and Brendle for Ricci flow and the Lawson-Simons formula for the nonexistence of stable currents, Xu and Zhao [53] proved the following.
Theorem C. Let M be an n-dimensional (n ≥ 4) oriented complete submanifold in the unit sphere S n+q . Then (i) if n = 4, 5, 6 and sup M (|h|
In [17, 51] , Gu and Xu proved a differentiable sphere theorem for submanifolds in a Riemannian manifold via the Ricci flow. Consequently, they got the following.
Theorem D. Let M be an n-dimensional oriented compact submanifold in the (n + q)-dimensional space form F n+q (c) with c ≥ 0 and
(ii) if n = 3 and |h|
Remark 1. When n ≥ 4, c = 0 and |H| > 0, Andrews-Baker [2] independently proved the same differentiable sphere theorem via the mean curvature flow of submanifolds of high codimension. Afterwards, Baker [3] gave another proof of the differentiable sphere theorem for n ≥ 4 and c > 0. Later, Liu-Xu-Ye-Zhao [32] extended the differentiable sphere theorem above to the case where n ≥ 4, c < 0 and |H| 2 + n 2 c > 0.
We refer the readers to [11, 13, 45, 52] for further discussions on rigidity theorems of submanifolds with parallel mean curvature, to [17, 29, 31, 33, 34, 43, 52] for more discussions on sphere theorems of submanifolds and to [4, 5, 6, 7, 8, 9, 10, 12, 15, 16, 18, 21, 35, 38, 39, 40, 43] for various sphere theorems of Riemannian manifolds.
Let F 0 : M n → F n+q (c) be an n-dimensional submanifold immersed in the space form F n+q (c). The mean curvature flow with initial value F 0 is a smooth family of
where H(x, t) is the mean curvature vector of M t = F t (M ), F t = F (·, t). In 1980's, Huisken, the founder of the mean curvature flow theory, initiated the study of the mean curvature flow for compact hypersurfaces [20, 22, 23] . In 1987, Huisken [23] verified the convergence theorem for the mean curvature flow of compact hypersurfaces in the spherical space form of constant curvature c under the pinching condition |h| 2 < 1 n−1 |H| 2 + 2c. For higher codimensional cases, the convergence theorems for the mean curvature flow in Euclidean spaces, spheres and hyperbolic spaces were proved by AndrewsBaker [2] , Baker [3] and Liu-Xu-Ye-Zhao [32] , respectively. The unified version of the convergence theorems due to Andrews, Baker, Liu, Xu, Ye and Zhao [2, 3, 32] can be summarized as follows.
closed submanifold in the space form with constant curvature c. If F 0 satisfies |h| 2 ≤ 1 n−1 |H| 2 +2c, where |H| 2 + n 2 c > 0, then the mean curvature flow with initial value F 0 converges to a round point in finite time, or c > 0 and F t converges to a totally geodesic sphere as t → ∞.
Notice that the pinching condition |h| 2 < 1 n−1 |H| 2 + 2c implies that the sectional curvature of M is positive. On the other hand, the pinching condition |h| 2 < α(n, |H|, c) for |H| 2 + n 2 c > 0 and c = 0 implies that the Ricci curvature of the initial submanifold is positive, but does not imply positivity of the sectional curvature. Hence we need to investigate the convergence problem for the mean curvature flow in space forms under the pinching condition |h| 2 < α(n, |H|, c), for |H| 2 + n 2 c > 0 and c = 0. Recently, the authors [27] proved an optimal convergence theorem for the mean curvature flow of arbitrary codimension in hyperbolic spaces.
Motivated by the rigidity and sphere theorems for submanifolds in spheres, LiuXu-Ye-Zhao [31] proposed the following.
Then the mean curvature flow with initial value M 0 converges to a round point in finite time, or converges to a totally geodesic sphere as t → ∞. In particular, M 0 is diffeomorphic to S n .
In particular, noting that min |H| α 1 (n, |H|) = 2 √ n − 1, we have the following.
Conjecture 2. Let F 0 : M n → S n+q be an n-dimensional closed submanifold satisfying |h| 2 < 2 √ n − 1. Then the mean curvature flow with initial value F 0 converges to a round point or a totally geodesic sphere. In particular, M 0 is diffeomorphic to S n .
Conjecture 2 in dimension three implies the famous Lawson-Simons conjecture [25] , which states that if M is a 3-dimensional compact submanifold in S 3+q , and if |h| 2 < 2 √ 2, then M is diffeomorphic to S 3 . Up to now, the Lawson-Simons conjecture is still open. After the work on the mean curvature flow of hypersurfaces in spheres due to Li-Xu-Zhao [30] , the authors [26] obtained a refined version of Huisken's convergence theorem for the mean curvature flow of hypersurfaces [23] . For more convergence results on the mean curvature flow with applications in sphere theorems, we refer the readers to [31, 33, 34, 41] .
The purpose of the present paper is to investigate Liu-Xu-Ye-Zhao's conjectures and prove the following sharp convergence theorem for the mean curvature flow of arbitrary codimension in spheres.
then the mean curvature flow with initial value F 0 has a unique smooth solution
, and F t converges to a round point in finite time or converges to a totally geodesic sphere as t → ∞. Here γ(n, |H|, c) is an explicit positive scalar defined by γ(n, |H|, c) := min{α(|H| 2 ), β(|H| 2 )}, where
Therefore, Theorem 1.1 substantially improves Theorems C, D and E. The pinching condition in Theorem 1.1 implies that the Ricci curvature of the initial submanifold is positive, but does not imply positivity of the sectional curvature.
As a consequence of Theorem 1.1, we obtain the following convergence result.
, and F t converges to a round point in finite time or converges to a totally geodesic sphere as t → ∞. Here k n is an explicit positive constant defined by
Noting that k n > 7 6 √ n − 1, we obtain a sharp differentiable sphere theorem.
Under the weakly pinching condition, we get the following convergence theorem.
, then the mean curvature flow with initial value F 0 has a unique smooth solution
, and either (i) T is finite, and F t converges to a round point as t → T , (ii) T = ∞, and F t converges to a totally geodesic sphere as t → ∞, or
nc (1 − e 2nc(t−T ) ), and F t converges to a great circle as t → T .
As a consequence of Theorem 1.4, we have the following classification theorem.
. Then M 0 is either diffeomorphic to the standard n-sphere S n , or congruent to S n−1 (r 1 ) × S 1 (r 2 ), where r 
Notations and formulas
Let (M n , g) be a Riemannian manifold isometrically immersed in S n+q (1/ √ c). Let T M and N M be the tangent bundle and normal bundle of M , respectively. For sections of the bundle T M ⊕ N M , we denote by (·) ⊤ and (·) ⊥ the projections onto T M and N M , respectively.
Denote by∇ the Levi-Civita connection of the ambient space. We use the same symbol ∇ to represent the connections of T M and N M . Let Γ(T M ) and Γ(N M ) be the spaces of smooth sections of the bundles. The connections of T M and N M are given by
⊥ . We shall make use of the following convention on the range of indices:
Let {e i } be a local orthonormal frame for the tangent bundle, and {ν α } a local orthonormal frame for the normal bundle. Then the mean curvature vector is defined as H = i h(e i , e i ). With the local frame, the components of h and H are given by h
We have the following estimates for |∇h| and |∇H|.
Lemma 2.1. For any submanifold in a sphere, we have
The proof of (i) is the same as in [2, 20] , and (ii) follows from the Cauchy-Schwarz inequality.
As in [2, 3] , we define the following scalars on M .
We have the following identity for the Laplacian of |h| 2 .
At a fixed point in M , we choose an orthonormal frame {ν α } for the normal space and an orthonormal frame {e i } for the tangent space, such that H = |H|ν 1 and (h 1 ij ) is diagonal. Letλ i be the diagonal elements of (h 1 ij ). Thus we haveλ i = h
We split |h| 2 into three parts |h| 2 = P 1 +P 2 , P 2 = Q 1 +Q 2 , where
With the special frame, we have
and (2.4)
Using the Cauchy-Schwarz inequality we get α>1 iλ i h α ii
It follows from Theorem 1 of [28] that
Thus we obtain
By an algebraic inequality (see [42, 45] 
We also have
Note that
2 if n ≥ 6. We get (2.6)
Combing (2.3), (2.5) and (2.6), we obtain Lemma 2.2. If n ≥ 6, we have the following.
3. Preservation of curvature pinching
be a mean curvature flow in a sphere. Let F t = F (·, t). We denote by M t the Riemannian submanifold F t : M → S n+q (1/ √ c) at time t. Let H and N be two vector bundles over M × [0, T ), whose fibers are given by H (x,t) = T x M t and N (x,t) = N x M t . For smooth vector fields u ∈ Γ(H) and ξ ∈ Γ(N ), we define the covariant time derivatives by ∇ ∂t u = (∇ F * ∂t u)
⊤ and ∇ ∂t ξ = (∇ F * ∂t ξ)
⊥ . Without loss of generality, we assume that c = 1. The following evolution equations for the mean curvature flow can be found in [2, 3] .
Let α and β be two functions given by
x 2 + 4(n − 1)x, and
2n+2 . We then define a function γ : [0, +∞) → R by
It's obvious that γ is a C 2 -function. Moreover, we have the following
Proof. By direct computations, for x > 0, we get
Then we get α(x 0 ) = (κ n +κ
(ii) Let ι n = (
We have κ n < 1 2 and ι n < 1. Then we obtain
By some computations, we get θ n > 7 6 for 6 ≤ n ≤ 24. For n ≥ 25, we have If n = 6, 7, we figure out that γ(0) < 
From the C 2 -continuity of γ and (3.3), we get ψ 1 (x 0 ) = ψ ′ 1 (x 0 ) = 0. Making calculation, we get
. We have ψ
If n = 6, 7, by numerical computation, we get min 0≤x≤x0
(iv) Note that α satisfies the following identity
Combing the identity above and the inequality γ(x) ≤ α(x), we prove (iv).
x is negative when x is large enough.
Let ω : [0, +∞) → R be a positive C 2 -function which takes the following form
For a small positive number ε, we setγ ε (x) =γ(x) − εω(x).
Lemma 3.4. For n ≥ 6, x ≥ 0, and small positive number ε, we have
). We figure out that lim x→∞ ω ′ (x) = (n−1) −2 and lim x→∞ xω ′′ (x) = 0. Thus 2xω
, we obtain the conclusion.
(ii) When x ≥ x 0 , we see that ω satisfies the following identity
We have
By (3.4), the expression in the square bracket of (3.5) satisfies
On the other hand, we see that xω ′ (x) − ω(x) and (−xω ′ (x)) + are bounded. Thus the assertion follows from Lemma 3.3 (ii).
For convenience, we denote γ(|H| 2 ),γ(|H| 2 ),γ ε (|H| 2 ) and ω(|H| 2 ) by γ,γ,γ ε and ω, respectively. We use (·)
′ to denote the derivative with respect to |H| 2 . Consider the mean curvature flow
Since M 0 is compact, there exists a small positive number ε, such that M 0 satisfies |h| 2 <γ ε . Now we show that the pinching condition is preserved. Proof. Let U = |h| 2 −γ ε . By Lemmas 2.1, 2.2 and 3.1, we have
From Lemma 3.4 (i), the coefficient of |∇H| 2 is negative. Replacing |h| 2 by U +γ ε , the above formula becomes
By Lemma 3.4 (ii), the sum of the last two lines of the above formula is non-positive. Therefore, we obtain
Then the assertion follows from the maximum principle.
An estimate for traceless second fundamental form
In this section, we derive the following estimate for the traceless second fundamental form.
Theorem 4.1. If M 0 satisfies |h| 2 <γ ε , then there exist constants 0 < σ ≤ ε 5/2 , and C 0 > 0 depending only on M 0 , such that for all t ∈ [0, T ) we have
To prove this theorem, we will show that the following function decays exponentially.
Making the time derivative of f σ , we obtain Lemma 4.2. There exists a positive constants C 1 depending only on n, such that
Proof. By a straightforward computation, we get
From the evolution equations, we have
By the definitions ofγ, ω, there exists a positive constant C 1 depending only on n, such that |H| |γ ′ | / √γ < C 1 andγ/ω < C 1 . This together with Lemma 2.1 (ii)
Then we have
By Lemma 2.1 and Lemma 3.3 (i), we have the following estimate for the expression in the first square bracket of the right hand side of (4.2).
We then estimate the expression in the second square bracket of the right hand side of (4.2). By Lemma 2.2, we have
By Lemma 3.3 (ii), (iii) and Theorem 3.5, we get
Hence, the right hand side of (4.4) is less than
This proves Lemma 4.2.
We need the following estimate for the the Laplacian of |h| 2 .
Lemma 4.3. Suppose that M is an n-dimensional (n ≥ 6) submanifold in S n+q satisfying |h| 2 <γ ε . Let ε be small enough and σ ≤ ε 5/2 . Then there exists a positive constant C 2 depending only on n, such that
Proof. By (2.1) and Lemma 2.1 (i), it's sufficient to prove n|h|
A gradient estimate
In the following, we derive an estimate for |∇H| 2 along the mean curvature flow.
Theorem 5.1. For all η ∈ (0, ε), there exists a number Ψ(η) depending on η and M 0 , such that
First, we derive an estimate for the time derivative of |∇H| 2 .
Lemma 5.2. There exists a constant B 1 (> 1) depending only on n, such that ∂ ∂t
Proof. From (5.14) of [3] or (5.3) of [27] , we have the following evolution equation for |∇H| 2 .
Here we use Hamilton's * notation. For tensors T and S, T * S means any linear combination of contractions of T and S with the metric. From the Cauchy-Schwarz inequality, we have |h * h * ∇h * ∇h| ≤ B 0 |h| 2 |∇h| 2 , where B 0 is a constant depending on n. From the pinching condition |h| 2 < γ, we obtain 2|∇H| 2 + B 0 |h| 2 |∇h| 2 < B 1 (|H| 2 + 1)|∇h| 2 .
Next we present the following estimates. If |h| 2 ≡γ for t ∈ [0, T ), we have ∇H ≡ 0 for all t. Sinceγ > 0 andγ(0) < n, M t is neither a totally umbilical sphere nor a Clifford minimal hypersurface in S n+1 . By Lemma 3.2 (i), (iii) and Theorem 3 of [50] , we obtain that |H| = 0 and M t is an isoparametric hypersurface in an (n + 1)-dimensional totally geodesic sphere 
